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Abstract Various sorting algorithms using parallel architectures have been pro-
posed in the search for more efficient results. This paper introduces the Multi-
Sort Algorithm for Multi-Mesh of Trees (MMT) Architecture for N = n4 elements
with more efficient time complexity compared to previous architectures. The shear
sort algorithm on Single Instruction Multiple Data (SIMD) mesh model requires
4
√

N +O
√

N time for sorting N elements, arranged on a
√

N ×√
N mesh, whereas

Multi-Sort algorithm on the SIMD Multi-Mesh (MM) Architecture takes O(N1/4)

time for sorting the same N elements, which proves that Multi-Sort is a better sorting
approach. We have improved the time complexity of intrablock Sort. The Commu-
nication time complexity for 2D Sort in MM is O(n), whereas this time in MMT is
O(logn). The time complexity of compare–exchange step in MMT is same as that
in MM, i.e., O(n). It has been found that the time complexity of the Multi-Sort on
MMT has been improved as on Multi-Mesh architecture.
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1 Introduction and motivation

Several interconnection networks based on the mesh topology have been developed
as parallel processing systems. In search of faster algorithms a network topology,
called Multi-Mesh of Trees (MMT) [1], which is a hybrid product of multi-mesh and
mesh of trees networks was recently proposed. An n × n MMT network can be built
using n2 mesh of trees, each of size n × n, and therefore it has n4 processors in total.
The network has the same bisection width of 2n(n − 1) and same number of edges,
i.e., 2n4, as that of Multi-Mesh (MM) [2–4]. The diameter of the MMT network is
found to be 4 logn + 2. This can be compared with the diameter of the multi-mesh
network, which is 2n. Due to efficient topological properties of MMT architecture
over MM network [1] (as shown in Fig. 1(a)), this has given us a strong base to
propose algorithms (Multi-Sort is one of them) on this architecture, and this is the
source of motivation for this research.

There are basically two types of links that are available in the MMT architecture.
One type is within the block connecting different processors, called intrablock links,
and the other type is interblock links that connect one block to another block. Only
the boundary and the corner processor of one block can communicate with the other
boundary processor of another block. Inter and intrablock links are again classified
into two kinds: one is horizontal and the other is vertical. Thus, the topological prop-
erty of MMT enables implementing several sorting algorithms in a more efficient
manner (e.g., 2D Sort has been implemented on both MM and MMT with O(n) on
MM and O(logn) on MMT; a comparison in shown in Fig. 2). This paper is focused

Fig. 1 Comparison of MMT
and MM on the basis of
communication links, solution
of polynomial equations,
one-to-all and row & column
broadcast

Fig. 2 A comparison between
2D Sort on MM and MMT for
different values number of
processors
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on parallel sorting algorithms [5–8] that are implemented on parallel architecture
[9–17].

Specifically, in this paper, we have proposed the Multi-Sort Algorithm on the
MMT architecture with more efficient results than MM. The paper is divided into
five sections. Section 1 gives the introduction to this paper, the approach used, and
the source of motivation for this research. Section 2 describes the proposed algorithm
and the operations involved in the algorithms. The definition for each operation is
described and explained with the help of a running example (a common example to
explain all operations, which is continuing till this section), where some data values
are provided to a given set of processors. In Sect. 3, an algorithm for sorting N = n4

data elements is described with the help of an initial data input, and its correctness is
proved using a dry run of this algorithm. Section 4 describes the use of the algorithm
followed by the conclusion and references.

2 Proposed operations

To propose the Multi-Sort Algorithm on MMT, some basic operations are used that
contribute in the efficient implementation of the algorithms. These operations are
defined and explained in this section; for a better explanation, a common example is
used with some common number of processors.

Definition 1 By a C operation we mean independent column sorts for all the blocks
in parallel, where the direction of the column sort of all the columns within a block is
non-decreasing downward for even values of α + β and non-decreasing upward for
odd values of α + β , i.e.,

D(α,β,1, y) ≤ D(α,β,2, y) ≤ · · · ≤ D(α,β,n, y) if α + β is even, and

D(α,β,1, y) ≥ D(α,β,2, y) ≥ · · · ≥ D(α,β,n, y) if α + β is odd.

Definition 2 By an R operation we mean independent row sorts for all the blocks
in parallel, where the directions of row sorts of two consecutive rows are opposite
within the block (i.e., if the first row is sorted from left to right, the second row
is sorted right to left, and so on); also the same rows of two consecutive blocks
are sorted in opposite directions. In particular, we assume that, when α + β is
even,

D(α,β, x,1) ≤ D(α,β, x,2) ≤ · · · ≤ D(α,β, x,n) for odd x, and

D(α,β, x,1) ≥ D(α,β, x,2) ≥ · · · ≥ D(α,β, x,n) for even x;

when α + β is odd,

D(α,β, x,1) ≥ D(α,β, x,2) ≥ · · · ≥ D(α,β, x,n) for odd x, and

D(α,β, x,1) ≤ D(α,β, x,2) ≤ · · · ≤ D(α,β, x,n) for even x.
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Fig. 3 An R–C operation

logn iterations of such R and C operations followed by an R operation sort the n × n

mesh in the snake-like row major ordering. Figure 3 gives an example of a 4×4 mesh
containing 42 (= 16) unsorted elements. Figure 3(f) is the sorted sequence after shear
sort. Basically, for our architecture we are relying on shear sort for sorting elements
within a block. The proof of the correctness of the shear sort algorithm on an n × n

mesh was based on the 0–1 principle, with the input elements taken from the set {0,1}
only.

Let us denote a clean row containing all 1s by � , a clean row containing all 0s by
φ, and a dirty row containing 0s and 1s by δ. Hence, in terms of �,φ, δs can be used
for the clean and dirty rows. A sorted block can be represented by a column of �,φ,
and δs, containing at most only one δ. In general, 0s and 1s can be intermixed in any
order in a dirty row. But, in a sorted block, 0s and 1s in a dirty row are arranged as
a sequence of consecutive 0s followed by consecutive 1s. In other words, in a dirty
row of a sorted n×n mesh, the data value changes from 0 to 1 (for increasing order),
and 1 to 0 (for decreasing order) only once. We denote a dirty row in which the
data value changes from 0 to 1 in the left-to-right direction (e.g. . . .0011 . . .) by the
symbol δ+, whereas the dirty row in which the ordering is in the opposite direction
(i.e., . . .111000 . . .) will be denoted by δ−. A typical example of the shear sort can
be shown as Fig. 3.

Similarly, this shear sort can also be implemented on the input value set {0,1}.
A typical example of the sorted block can be (see Fig. 4):
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Fig. 4 Sorted sequence with
elements from {0,1}

Fig. 5 Position of data elements
before and after the T operation

Definition 3 An ordered block B(α,β) is defined as an even block, where the α + β

is some even number. In such a block, the snake-like sorted sequence starts from the
leftmost end of the first row and ends in the nth row.

Definition 4 An ordered block B(α,β) is defined as an odd block, where the α+β is
some odd number. In such a block, the snake-like sorted sequence starts from the nth
row ends at the leftmost end of the first row. Consider n3 data elements, denoted by
D(∗, β,∗,∗) residing at n blocks (i.e., n×n meshes) for a fixed value of β . Here “∗”
indicates all possible values from 1 to n. If we consider a set of all the data elements
for a given (x, x) value from n such blocks, then there will be n2 such sets of n data
elements each, i.e., each set consists of data elements D(∗, β, x, y) for fixed values
of β,x, and y.

Definition 5 The T operation sorts each set of n data elements D(∗, β, x, y) in
parallel over the third dimension, so that D(1, β, x, y) ≤ D(2, β, x, y) ≤ · · · ≤
D(n,β, x, y) if β is odd, and D(1, β, x, y) ≥ D(2, β, x, y) ≥ · · · ≥ D(n,β, x, y) if
β is even. Note that there is no direct link among the respective processors in the
MMT network to affect the T operation. Hence, the T operation is accomplished in
three stages. The first stage consists of n shifts of data elements along the vertical
interblock links (as shown in Fig. 5), so that the ith columns of the blocks B(∗, β)

for a given β , i.e., of all the blocks B(α,β),1 ≤ α ≤ n, are brought to the block
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B(i,β). The situation is explained in Fig. 5 with the help of an example for n = 3.
Data elements A1, A2, and A3 originally residing at the blocks B(1,1), B(2,1), and
B(3,1) will now appear in the first row of block B(1,1). Similarly, B1, B2, and B3
are brought to row 2 of block B(1,1), and so on. The T operation actually involves
the sorting of the sequences (A1, A2, A3), (B1, B2, B3), etc., each of which is now
available in a single row.

In the second stage, all the rows in each block for a particular β will be sorted
in the same direction (this is different from the R operation of Definition 2, where
the consecutive rows of the same block are sorted in different directions), but the
direction of row sorts will alternate for consecutive β values.

The third stage is just the reverse of the first stage, in which the sorted data el-
ements are transferred back to the ith columns of the respective blocks having the
same β value. In general, the first stage requires logn + 1 routing steps and the third
stages of T operation require 2 logn + 1 steps, hence a total of 3 logn + 2 routing
steps. The second stage can be completed in n parallel steps of Compare-steps. Thus,
the T operation needs a total of 3 logn + n + 2 routing steps.

Definition 6 Consider the n elements D(α,∗, x, y) for a given set of values of
α,x, y. An F operation sorts each such set of n data elements in parallel over the
fourth dimension so that D(α,1, x, y) ≤ D(α,2, x, y) ≤ · · · ≤ D(α,n, x, y). Again,
there is no direct link among the processors whose data elements are to be sorted
using an F operation. Hence, the F operation is also accomplished in three stages. In
the first stage, for a particular value of α, i.e., for all values of β where 1 ≤ β ≤ n,
the ith row is brought to the block B(α, j) and the βth row in the block, i.e., the first
row of B(1,1) is brought to the first row of B(1,1), whereas the first row of block
B(1,2) is brought to the second row of the block B(1,1), and so on. In the second
step, the column sort has to be performed. This column sort is performed in the same
direction in all the blocks (i.e., the first row of every block contains least values in that
block and the last row contains the largest values). The third step is just the inverse
operation of the operations performed in the first step. Just like the T operation, the F
operation has 3 logn + n + 2 steps in total.

Definition 7 A 3D block is a sequence of alternate odd and even sorted blocks for
a given value of β such that (1) for odd b, all the elements of the sorted block
B(α,β) are less than or equal to all the elements of the sorted block B(α + 1, β),
for 1 ≤ α < n, and (2) for even b, the ordering sequence is just the reverse. We
call it a block-major snake-like ordering. Thus, in a block-major snake-like order-
ing, D(1, β,∗,∗) ≤ D(2, β,∗,∗) ≤ · · · ≤ D(n,β,∗,∗), for odd values of β , and
D(1, β,∗,∗) ≥ D(2, β,∗,∗) ≥ · · · ≥ D(n,β,∗,∗), for even values of β .

Definition 8 A 4D block is a sorted sequence of n4 elements consisting of n con-
secutive 3D blocks, where all the elements of the first 3D block are less than or
equal to all the elements of the second 3D block, all the elements of the second 3D
block are less than or equal to all the elements of the third 3D block, and so on, i.e.,
D(∗,1,∗,∗) ≤ D(∗,2,∗,∗) ≤ · · · ≤ D(∗, n,∗,∗).
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2.1 C operation

A C operation involves three steps; all these steps are defined below:

Step 1. ∀α,β, i, j : 1 ≤ α,β, i, j ≤ n do in parallel
B[α,β,1, j ][i,1] ← A[α,β, i, j ]

Step 2. ∀α,β : 1 ≤ α,β ≤ n

(a) if ((α + β) mod 2 = 0) then
∀α,β : 1 ≤ α,β ≤ n do in parallel
sort_ascend()

(b) else
∀α,β : 1 ≤ α,β ≤ n do in parallel
sort_descend()

Step 3. ∀α,β, i, j : 1 ≤ α,β, i, j ≤ n do in parallel
A[α,β, i, j ] ← B[α,β,1, j ][i,1]

2.1.1 Explanation (C operation)

The C operation is explained below. The initial data elements present with each
processor are given as in Fig. 6. Further, all the three steps of C operations are ex-
plained with the help of diagrammatic example (as shown in Figs. 7, 8 and 9).

Fig. 6 Stage before a C
operation (the initial data
elements with even and odd
blocks of MMT architecture for
n = 3 with all processors are
shown here)

Fig. 7 Position of data
elements after implementation
of Step 1 of a C operation

Fig. 8 Position of data
elements after implementation
of Step 2 of a C operation
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Fig. 9 Position of data
elements after completion of
Step 3 of a C operation

Step 1. ∀α,β, i, j : 1 ≤ α,β, i, j ≤ n do in parallel
B[α,β,1, j ][i,1] ← A[α,β, i, j ]
This explanation is for the first block (similar work for the entire block is
done in parallel):
B[1,1,1,1][1,1] ← A[1,1,1,1]B[1,1,1,1][2,1] ← A[1,1,2,1]B[1,1,1,1][3,1] ← A[1,1,3,1]
B[1,1,1,2][1,1] ← A[1,1,1,2]B[1,1,1,2][2,1] ← A[1,1,2,2]B[1,1,1,2][3,1] ← A[1,1,3,2]
B[1,1,1,3][1,1] ← A[1,1,1,3]B[1,1,1,3][2,1] ← A[1,1,2,3]B[1,1,1,3][3,1] ← A[1,1,3,3]

Step 2. ∀α,β : 1 ≤ α,β ≤ n

(a) if ((α + β) mod 2 = 0) then
∀α,β : 1 ≤ α,β ≤ n do in parallel
sort_ascend(α,β)

(b) else
∀α,β : 1 ≤ α,β ≤ n do in parallel
sort_descend(α,β)

Step 3. ∀α,β, i, j : 1 ≤ α,β, i, j ≤ n do in parallel
A[α,β, i, j ] ← B[α,β,1, j ][i,1]

2.2 R operation

An R operation is performed in three steps; these steps are elaborated further with di-
agrammatic explanation, implemented on the same initial data elements as in Fig. 6.

Step 1. ∀α,β, i, j : 1 ≤ α,β, i, j ≤ n do in parallel
B[α,β, i,1][1, j ] ← A[α,β, i, j ]

Step 2. ∀α,β : 1 ≤ α,β ≤ n

if ((α + β) mod 2 = 0) then
∀α,β : 1 ≤ α,β ≤ n do in parallel

(a) if (i mod 2 �= 0) then
∀i : 1 ≤ i ≤ n do in parallel
sort_ascend()

(ab) else
∀i : 1 ≤ i ≤ n do in parallel
sort_descend();
endif

(b) else
∀α,β : 1 ≤ α,β ≤ n do in parallel

(ba) if (i mod 2 �= 0) then
∀i : 1 ≤ i ≤ n do in parallel
sort_descend()
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(bb) else
∀i : 1 ≤ i ≤ n do in parallel
sort_ascend();
endif
endif

Step 3. ∀α,β, i, j : 1 ≤ α,β, i, j ≤ n do in parallel
A[α,β, i, j ] ← B[α,β, i,1][1, j ]

2.2.1 Explanation (R operation)

An explanation of an R operation is given below, and it is provided using a diagram-
matic flow of data elements in the network (as shown in Figs. 11, 12 and 13). The R
operation is divided into three steps. The completion of these steps collectively forms
the R operation.

Fig. 10 Stage before an R
operation (Fig. 6 is used here,
but for implementing an R
operation. It is shown again to
make the operation on these data
elements clearer and more
understandable for the reader)

Fig. 11 Positions after Step 1
of an R operation (the figure
shows the position of data
elements of Fig. 10)

Fig. 12 Position of data
elements of Fig. 11 after Step 2
of an R operation

Fig. 13 Position of data
elements after implementation
of Step 3 of an R operation
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Step 1. ∀α,β, i, j : 1 ≤ α,β, i, j ≤ n do in parallel
B[α,β, i,1][1, j ] ← A[α,β, i, j ]
This explanation is for the first block (similar work for the entire block is
done in parallel):
B[1,1,1,1][1,1] ← A[1,1,1,1]B[1,1,1,1][1,2] ← A[1,1,1,2]B[1,1,1,1][1,3] ← A[1,1,1,3]
B[1,1,2,1][1,1] ← A[1,1,2,1]B[1,1,2,1][1,2] ← A[1,1,2,2]B[1,1,2,1][1,3] ← A[1,1,2,3]
B[1,1,3,1][1,1] ← A[1,1,3,1]B[1,1,3,1][1,2] ← A[1,1,3,2]B[1,1,3,1][1,3] ← A[1,1,3,3]

Step 2. ∀α,β : 1 ≤ α,β ≤ n

if ((α + β) mod 2 = 0) then
∀α,β : 1 ≤ α,β ≤ n do in parallel

(a) if(i mod 2 �= 0) then
∀i : 1 ≤ i ≤ n do in parallel
sort_ascend()
else
∀i : 1 ≤ i ≤ n do in parallel
sort_descend();
endif

(b) else
∀α,β : 1 ≤ α,β ≤ n do in parallel

(ba) if (i mod 2 �= 0) then
∀i : 1 ≤ i ≤ n do in parallel
sort_descend()

(bb) else
∀i : 1 ≤ i ≤ n do in parallel
sort_ascend();
endif
endif

Step 3. ∀α,β, i, j : 1 ≤ α,β, i, j ≤ n do in parallel
A[α,β, i, j ] ← B[α,β,1, j ][i,1]

2.3 T operation

A T operation is a larger operation (compared to C and R operations), which is di-
vided into three stages, i.e., Stage 1 (which consist of four steps), Stage 2 (which
consist of one step) and Stage 3 (which consist of five steps). These steps are ex-
plained in Figs. 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, stepwise. The initial
input of a T operation is shown in Fig. 14.

Stage 1

Step 1. ∀α,β, j : 1 ≤ α,β, j ≤ n do in parallel
B[α,β,1, j ][i,1] ← A[α,β, i, j ]

Step 2. ∀α,β, i, j : 1 ≤ α,β, j ≤ n AND i = 1 do in parallel
C[j,β,n,α][i,1] ← B[α,β,1, j ][i,1]

Step 3. ∀α,β, j : 1 ≤ α,β, j ≤ n do in parallel
Call Vert_links(α,β,n, j, n − 1)

C[α,β, k, j ][i,1] ← C[α,β,n, j ][i,1]
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Fig. 14 Initial input of a T
operation (the left figure shows
the connectivity of processor
according to MMT architecture,
and the right figure shows initial
data elements present with these
processors)

Fig. 15 Positions of data
elements after Step 1 (all
connections are not shown in the
above figure)

Step 4. ∀α,β, i : 1 ≤ α,β, j ≤ n do in parallel
C[α,β, i,1][1, j ] ← C[α,β, i, j ][i,1]

Stage 2

Step 1. Call special_R_operation
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Fig. 16 Position of data
elements after Step 2 (all
connections are not shown in the
above figure)

Stage 3

Step 1. ∀α,β, i : 1 ≤ α,β, i ≤ n do in parallel
C[α,β, i, j ][i,1] ← C[α,β, i,1][1, j ]

Step 2. ∀α,β, j : 1 ≤ α,β, j ≤ n do in parallel
C[α,β,1, j ][i,1] ← C[α,β, i, j ][i,1]

Step 3. ∀α,β, j : 1 ≤ α,β, j ≤ n do in parallel
C[α,β,n, j ][i,1] ← C[α,β,1, j ][i,1]

Step 4. ∀α,β, j : 1 ≤ α,β, j ≤ n do in parallel
C[α,β,1, j ][i,1] ← C[j,β,n,α][i,1]

Step 5. ∀α,β, j : 1 ≤ α,β, j ≤ n do in parallel
A[α,β, i, j ] ← C[α,β,1, j ][i,1]
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Fig. 17 Step 3 of Stage 1.
Positions of other blocks and
data elements (connections are
not shown in this figure)

Fig. 18 Step 3 of Stage 1.
Step 4 performed on a single
block. Similar operation can be
performed on all the blocks

Fig. 19 Step 3 of Stage 1.
Step 4 can be performed
similarly on all blocks
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Fig. 20 Step 1 of Stage 2

Fig. 21 Step 1 of Stage 3

Fig. 22 Position of data
elements after Step 1. Step 2 is
applied here

Fig. 23 Position of data
elements after Step 2. Step 3 is
applied here
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Fig. 24 Position of data
elements after Step 3. Step 4 is
applied here

Fig. 25 Step 5

2.3.1 Explanation (T operation)

Stage 1

Step 1. ∀α,β, j : 1 ≤ α,β, j ≤ n do in parallel
B[α,β,1, j ][i,1] ← A[α,β, i, j ]

Step 2. ∀α,β, i, j : 1 ≤ α,β, j ≤ n, i = 1 do in parallel
C[j,β,n,α][i,1] ← B[α,β,1, j ][i,1]
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Fig. 26 Position of data
elements after Step 5

Fig. 27 Step 1 of an F
operation

Step 3. ∀α,β, j : 1 ≤ α,β, j ≤ n do in parallel
Call Vert_links(α,β,n, j, n − 1)

C[α,β, k, j ][i,1] ← C[α,β,n, j ][i,1]
Step 4. ∀α,β, I : 1 ≤ α,β, i ≤ n do in parallel

C[α,β, i,1][1, j ] ← C[α,β, i, j ][i,1]
Stage 2

Step 1. Call special_R_operation
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Stage 3

Step 1. ∀α,β, i : 1 ≤ α,β, i ≤ n do in parallel
C[α,β, i, j ][i,1] ← C[α,β, i,1][1, j ]

Step 2. ∀α,β, j : 1 ≤ α,β, j ≤ n do in parallel
C[α,β,1, j ][i,1] ← C[α,β, i, j ][i,1]

Step 3. ∀α,β, j : 1 ≤ α,β, j ≤ n do in parallel
C[α,β,n, j ][i,1] ← C[α,β,1, j ][i,1]

Step 4. ∀α,β, j : 1 ≤ α,β, j ≤ n do in parallel
C[α,β,1, j ][i,1] ← C[j,β,n,α][i,1]

Step 5. ∀α,β, j : 1 ≤ α,β, j ≤ n do in parallel
A[α,β, i, j ] ← C[α,β,1, j ][i,1]

2.4 F operation

An F operation is also divided into three stages. Stage 1 consists of four steps, Stage 2
consists of one step, and Stage 3 consists of five steps. These steps are explained in
Figs. 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, stepwise and Fig. 37 shows the final order

Fig. 28 Positions of data
elements after Step 2. (Only the
horizontal plane blocks are
shown)

Fig. 29 Position of data
elements after Step 3; only
block (1,1) is shown

Fig. 30 After Step 4; only
block (1,1) is shown here
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Fig. 31 After Step 1 (Stage 2)

Fig. 32 Stage 3 of Step 1; only
block (1,1) is shown

Fig. 33 After Step 2; only
block (1,1) is shown here

Fig. 34 After Step 3; only
block (1,1) is shown here

Fig. 35 After Step 4; only the
first horizontal plane is shown

Fig. 36 Positions of the data
elements after Step 5



294 N. Rakesh, Nitin

Fig. 37 Final order of data

Fig. 38 Representation for a
dry run of the proposed
Algorithm

Fig. 39 Arbitrary input for
Multi-Sort Algorithm (These
data elements are used for a dry
run of this algorithm to prove
the correctness to the readers.
Figures 40, 41, 42, 43, 44, 45,
46, 47, 48, 49, 50, 51, 52, 53, 54
below are further operations
performed on theses data
elements. All Figs. 40–54 are
connected to each other in the
algorithmic flow)

of data after completion of above operations. Figures 38 and 39 provides representa-
tion for a dry run of the proposed Multi-Sort algorithm and its arbitrary inputs.

Stage 1

Step 1. ∀α,β, i, j : 1 ≤ α,β, i, j ≤ n do in parallel
B[α,β, i,1][1, j ] ← A[α,β, i, j ]
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Step 2. ∀α,β, i : 1 ≤ α,β, i ≤ n AND j = 1 do in parallel
C[α, i, β,n][1, j ] ← B[α,β, i,1][1, j ]

Step 3. ∀α,β, i : 1 ≤ α,β, i ≤ n do in parallel
Call Horiz_links(α,β, i, n,n − 1)

C[α,β, i, k][1, j ] ← C[α,β, i, n][1, j ]
Step 4. ∀α,β, j : 1 ≤ α,β, j ≤ n do in parallel

C[α,β,1, j ][i,1] ← C[α,β, i, j ][1, j ]
Stage 2

Step 1. Call special_C_operation

Stage 3

Step 1. ∀α,β, j : 1 ≤ α,β, j ≤ n do in parallel
C[α,β, i, j ][1, j ] ← C[α,β,1, j ][i,1]

Step 2. ∀α,β, i : 1 ≤ α,β, i ≤ n do in parallel
C[α,β, i,1][1, j ] ← C[α,β, i, j ][1, j ]

Step 3. ∀α,β, i : 1 ≤ α,β, i ≤ n do in parallel
C[α,β, i, n][1, j ] ← C[α,β, i,1][1, j ]

Step 4. ∀α,β, i : 1 ≤ α,β, i ≤ n do in parallel
C[α,β, i,1][1, j ] ← C[α, I,β,n, ][1, j ]

Step 5. ∀α,β, i : 1 ≤ α,β, i ≤ n do in parallel
A[α,β, i, j ] ← C[α,β, i,1][1, j ]

2.4.1 Explanation (F operation)

All the stages of an F operation consist of steps and for each step the correctness
parameters are explained using figures (which show the positions of data elements
after implementation of respective steps).

Stage 1

Step 1. ∀α,β, i, j : 1 ≤ α,β, i, j ≤ n do in parallel
B[α,β, i,1][1, j ] ← A[α,β, i, j ]

Step 2. ∀α,β, i : 1 ≤ α,β, i ≤ n AND j = 1 do in parallel
C[α, i, β,n][1, j ] ← B[α,β, i,1][1, j ]

Step 3. ∀α,β, i : 1 ≤ α,β, i ≤ n do in parallel
Call Horiz_links(α,β, i, n,n − 1)

C[α,β, i, k][1, j ] ← C[α,β, i, n][1, j ]
Step 4. ∀α,β, j : 1 ≤ α,β, j ≤ n do in parallel

C[α,β,1, j ][i,1] ← C[α,β, i, j ][1, j ]
Stage 2

Step 1. Call special_C_operation

Stage 3

Step 1. ∀α,β, j : 1 ≤ α,β, j ≤ n do in parallel
C[α,β, i, j ][1, j ] ← C[α,β,1, j ][i,1]
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Fig. 40 The sorted blocks. Here Step 1 of the Algorithm is completed. The purpose of Step 1, i.e., the
2D Sort, is to sort the individual blocks in the snake-like row-major form. It can be easily seen that the
aim has already been accomplished by performing logn of R–C operations. Moreover, an extra step of
an R operation is also performed, as described by the algorithm. The 3D sort consists of three steps. We
represent the third dimension Sort as T. The T operation itself is divided into three steps; we denote these
operations as TS1, TS2, TS3
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Fig. 41 3D Sort

Step 2. ∀α,β, i : 1 ≤ α,β, i ≤ n do in parallel
C[α,β, i,1][1, j ] ← C[α,β, i, j ][1, j ]

Step 3. ∀α,β, i : 1 ≤ α,β, i ≤ n do in parallel
C[α,β, i, n][1, j ] ← C[α,β, i,1][1, j ]
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Fig. 42 3D Sort (continued)

Step 4. ∀α,β, i : 1 ≤ α,β, i ≤ n do in parallel
C[α,β, i,1][1, j ] ← C[α, I,β,n, ][1, j ]

Step 5. ∀α,β, i : 1 ≤ α,β, i ≤ n do in parallel
A[α,β, i, j ] ← C[α,β, i,1][1, j ]
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Fig. 43 3D Sort (continued)
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Fig. 44 3D Sort (continued)

2.5 Special C operation

This special C operation works the same as a C operation (as defined previously), the
only difference is that now the direction of Sort depends upon the β value rather than
the combined value of α and β .

Step 1. ∀α,β, i, j : 1 ≤ α,β, i, j ≤ n do in parallel
B[α,β,1, j ][i,1] ← A[α,β, i, j ]

Step 2. ∀α,β : 1 ≤ α,β ≤ n do in parallel
sort_ascend()

Step 3. ∀α,β, i, j : 1 ≤ α,β, i, j ≤ n do in parallel
A[α,β, i, j ] ← B[α,β,1, j ][i,1]

2.6 Special R operation

The special R operation is applied on all blocks in the same direction.

Step 1. ∀α,β, i, j : 1 ≤ α,β, i, j ≤ n do in parallel
B[α,β,1, j ][i,1] ← A[α,β, i, j ]

Step 2. ∀α,β : 1 ≤ α,β ≤ n

if ( β mod 2 = 0) then
∀α,β : 1 ≤ α,β ≤ n do in parallel
sort_ascend()
else
∀α,β : 1 ≤ α,β ≤ n do in parallel
sort_descend();
endif
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Fig. 45 2D Sort after 3D Sort (continued)
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Fig. 46 2D Sort (continued)
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Fig. 47 2D Sort (continued)
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Fig. 48 2D Sort (continued)
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Fig. 49 2D Sort (continued)
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Fig. 50 2D Sort (continued)
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Fig. 51 2D Sort (continued)
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Fig. 52 2D Sort (continued)
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Fig. 53 2D Sort (continued)

Step 3. ∀α,β, i, j : 1 ≤ α,β, i, j ≤ n do in parallel
A[α,β, i, j ] ← B[α,β, i,1][1, j ]

3 Algorithm for sorting N = n4 data elements

The algorithm for sorting data elements using MMT architecture consists of three
steps: Step 1 which is 2D Sort, Step 2 which is 3D Sort, and Step 3 which is 4D Sort.

Step 1 (2D SORT). (Sorting over row and column dimensions only) Sort each of
the n2 blocks independently in parallel in row-major snake-like
ordering, using some optimal algorithm so that two consecutive
blocks in any row or any column of processor blocks are sorted
in reverse directions. To perform this step we do logn of R–C



310 N. Rakesh, Nitin

Fig. 54 Final output

operations, followed by an R operation. The output will be the
individually sorted blocks.

Step 2 (3D SORT). (Sorting over row, column and the third dimension) All the n

sorted blocks in a column of processor blocks, designated as
B(i,β), 1 ≤ i ≤ n, are merged to produce one sorted 3D block,
consisting of n3 sorted elements, in the block-major snake-like
ordering. For this merging, we perform logn iterations of T–C
operations, followed by a 2D sort and a sequence of T–C–R–
C–R operations. Consecutive 3D blocks are sorted in reverse
directions.

Step 3 (4D SORT). (Sorting over all the four dimensions) Merge the n 3D blocks
to produce a 4D block of n4 data elements. For this merging,
perform logn iterations of F–T operations followed by Steps 1
and 2, and then a sequence of F–T–C–R–T–C–R–C–R opera-
tions. The output after this step will be all sorted elements in the
form given in Fig. 4.

4 Use of Algorithm

The purpose of a dry run of the proposed algorithm is shown in Fig. 55, and the dry
run of the algorithm proposed above is shown in Fig. 56 for N = 81. The initial input
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Fig. 55 Representation for a
dry run of the proposed
Algorithm

Fig. 56 The dry run of the algorithm with N = 81

is given to the 3 × 3 MMT (as given in Fig. 56) and 2D Sort is implemented to this
data set. The purpose of Step 1, i.e., the 2D Sort, is to sort the individual blocks in
the snake-like row-major form. It can be easily seen that the aim has already been
achieved by performing logn of R–C operations. Moreover, an extra step of an R
operation is also performed, as described by the algorithm.

In 3D Sort, after performing logn of T–C operations, the 2D sorting has been
performed, i.e., the R–C–R–C–R operations, after that T–C–R–C–R is performed.
After all the operations have been performed, the output is in a snake-like block-
major form. (Sorting over all the four dimensions) Merge the n 3D blocks to produce
a 4D block of n4 data elements. For this merging, perform logn iterations of F–T
operations followed by Steps 1 and 2, and then a sequence of F–T–C–R–T–C–R–C–R
operations. The output after this step will be all sorted elements in the form given in
Fig. 4. The final dry run output of Multi-Sort algorithm on MMT is shown in Fig. 57.
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Fig. 57 Final output

5 Conclusion and future work

We have proposed a sorting algorithm, called Multi-Sort, on a recently developed ar-
chitecture called Multi-Mesh of Trees (MMT). We have improved the time complex-
ity of intrablock Sort. The time complexity of the compare-exchange step in MMT
is same as that in MM, i.e., O(n). The communication time complexity has been im-
proved from O(n) to O(logn). The communication time complexity for 2D Sort in
MM is O(n), whereas the same in MMT is O(logn). Additional time complexity of
O(n logn) has been introduced for self-sort in order to generalize the algorithm for
any number of elements.

The scope of complete time complexity can further be reduced for the compare–
exchange step. This is possible if the algorithm is further analyzed based on the phys-
ical parameter of implementations with MMT architecture, and if more efficient pa-
rameters in the algorithm to conduct the 2D, 3D and 4D sorting are proposed.
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